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Suppose p=tn+r is a prime and splits as p1p2 in Q(`−t ). Let q=pf where f
is the order of r modulo t, q=w (q−1)/t where w is the Teichmüller character on Fq,
and g(q) is the Gauss sum. For suitable yi ¥Gal(Q(zt, zp)/Q) (i=1, ..., g), we
show that <gi=1 yi(g(q))=pa((a+b`−t)/2) such that 4ph=a2+tb2 for some
integers a and b where h is the class number of Q(`−t ). We explicitly compute
a mod (t/gcd(8, t)) and a mod p, in particular, a is congruent to a product of
binomial coefficients modulo p. © 2002 Elsevier Science (USA)
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1. INTRODUCTION
Gauss showed that if p=4n+1 is a prime, then p=a2+b2 for some
integers a and b. He also showed that if a is fixed by a — 1 (mod 4) then
2a — 12n
n
2 (mod p).
After Gauss there are results for some special cases, for example, p=3n+
1, 7n+1, 7n+2, 7n+4, 8n+3 and 11n+1, etc., by Jacobi [7], Eisenstein
[4], Adler [1], and Hudson and Williams [6]. In this paper, we consider
TABLE I
p=7n+r and 4p=a2+7b2
r a (mod 7) a (mod p)
1 2 13n
n
2
2 1 −13n
n
2
4 4 13n+1
n
2
infinite family of primes of the form p=tn+r, where p splits as p=p1p2 in
Q(`−t ) and t has one of the following forms:
(1) t=k > 3 for a prime k — 3 (mod 4).
(2) t=4k for a prime k — 1 (mod 4).
(3) t=8k for any odd prime k.
In [5, 9], we considered primes p only when the order of r modulo t is
f(t)/2. However, in this paper, we can take any r provided p splits in
Q(`−t ). As an application of our theorems, we give Tables I–III for
each case. Table I is the same result as Adler [1], Eisenstein [4], and
Jacobi [7].
In Section 2, we describe some preliminaries including notations and
symbols, and prove two lemmas which play an important role to obtain
our results. From Section 3 to Section 5, we state and prove our
TABLE II
p=20n+r and p2=a2+5b2
r a (mod 5) 2a (mod p)
1 1 (−1)n 14n
n
2 111n
4n
2
3 3 (−1)n+1 14n
n
2 111n+1
4n
2
7 2 (−1)n+1 14n+1
n
2 111n+3
4n+1
2
9 4 (−1)n 14n+1
n
2 111n+4
4n+1
2
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TABLE III
p=24n+r and p2=a2+6b2
r a (mod 3) 2a (mod p)
1 1 (−1)n 16n
n
2 113n
6n
2
5 1 (−1)n 16n+1
n
2 113n+2
6n+1
2
7 1 (−1)n+1 16n+1
n
2 113n+3
6n+1
2
11 1 (−1)n+1 16n+2
n
2 113n+5
6n+2
2
theorems (Theorem 3.1, Theorem 4.1 and Theorem 5.1) for the three cases
separately. In Section 6, we explain how to obtain the tables given in this
section applying our theorems and give more examples.
2. PRELIMINARIES
For each case let G=(Z/tZ) × isomorphic to Gal(Q(zt)/Q) andH be the
subgroup of G isomorphic to Gal(Q(zt)/Q(`−t )). If a=(;1 [ i < t, i ¥H i)/t
and b=(;1 [ i < t, −i ¥H i)/t then the class number h of Q(`−t ) is b−a by
Corollary 5.3.13 of [3].
Throughout the paper, p=tn+r is a prime for r ¥H and f is the order
of r modulo t. Let K be the fixed field of Q(zt) by the map sr: zt W z
r
t .
Since p splits in Q(`−t ) and is unramified in Q(zt), the Frobenius map
sp=sr generates the decomposition group and K is the decomposition
field. Let p11 and p˜11 be prime ideals lying above p1 in K and Q(zt) respec-
tively. If R is a representative of H/OrP, say {l1, l2, ..., lg} then the prime
ideals sli (p˜11)=p˜1i are precisely the distinct prime ideals of Q(zt) lying
above p1. Hence<gi=1sli (p˜11)=p1. See Fig. 1.
Let q=pf and q=w (q−1)/t where w=wP11 : F
×
q 0 Ozq−1P is the
Teichmüller character on Fq. Define the negative of the Gauss sum for
qm as
g(qm) :=− C
a ¥ F ×q
qm(a) z tr(a)p ¥Q(zt, zp),
where tr: Fq 0 Fp is the trace map.
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FIGURE 1
Let yi be the element of Gal(Q(zt, zp)/Q) such that
yi(zp)=zp and yi(zt)=z
li
t .
Then yi is the extension of sli .
Lemma 2.1. <gi=1 yi(g(qm)) is independent of the choice of R={l1, l2,
..., lg}, and
D
g
i=1
yi(g(qm)) ¥Q(`−t ).
Proof. Let RŒ={l −1, l −2, ..., l −g} be another choice of H/OrP and y −i be
the extension of sliŒ. Then l
−
i=lir
ei for some ei. Since g(q r)=g(q),
y −i(g(q
m))=g(qmliŒ)=g(qmlir
ei)=g(qmli)=yi(g(qm)).
Therefore< yi(g(qm)) does not depend on the choice of R.
By Stickelberger’s Theorem [10, p. 98]
(g(q−m)) t=p˜;(b, t)=1(mb (mod t)) s
−1
b
11 ¥Q(zt).
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Since<gi=1 yi(p˜11)=<gi=1 sli (p˜11)=p1,
1 Dg
i=1
yi(g(q−m))2 t=Dg
i=1
sli (g(q
−m) t)=p;(b, t)=1(mb (mod t)) s
−1
b
1
=p;b ¥H(mb (mod t))1 p
;b ¥ −H(mb (mod t))
2 ¥Q(zt).
(1)
Because ;b ¥H(mb (mod t)) and ;b ¥ −H(mb (mod t)) are multiples of t,
<gi=1 yi(g(qm)) ¥Q(zt).
For any c ¥H, c is contained in some coset llOrP. So c can be written as
c=llr j for some j.
sc 1 Dg
i=1
yi(g(qm))2=sll 1 Dg
i=1
yi(g(qmr
j
))2=sll 1 Dg
i=1
yi(g(qm))2
=D
g
i=1
(ylyi)(g(qm)).
Let l −i=llli, y
−
i=ylyi and RŒ=llR={l −1, ..., l −g}. Then RŒ is another
choice of H/OrP, so
sc 1 D yi(g(qm))2=D y −i(g(qm))=D yi(g(qm)) for any c ¥H.
Therefore< yi(g(qm)) ¥Q(`−t ). L
We will fix R. Let di=
q−1
t (t−li) for each li ¥ R and di, j be integers such
that
di=C
f−1
j=0
di, j p j
where 0 [ di, j < p.
Lemma 2.2. ; t−1m=0 < i yi(g(qm)) — 0 (mod t).
Proof. By the definition of g(q),
C
t−1
m=0
D
i
yi(g(qm))= C
t−1
m=0
D
i
1 − C
a ¥ F ×q
qlim(a) z tr(a)p 2
= C
aj ¥ F
×
q
(−1)g C
t−1
m=0
(ql1(a1) · · ·qlg(ag))mz
tr(a1+· · ·+ag)
p
= C
aj ¥ F
×
q
(−1)gzc1p 1 Ct−1
m=0
zc2mt 2 — 0 (mod t),
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where c1 and c2 are constants dependent only on the choice of aj ¥ F ×q for
j=1, 2 · · · g. L
3. T=K> 3 FOR A PRIME K — 3 (mod 4)
Theorem 3.1. Suppose p=kn+r is a prime and splits in Q(`−k ).
Then
D
g
i=1
yi(g(q))=pa 1a+b`−k
2
2
for some integers a and b such that 4ph=a2+kb2 and a satisfies
a — 2pb (mod k) and a — (−1)b D
1 [ i [ g, 0 [ j < f
(di, j)! (mod p).
Proof. By Eq.(1) and Lemma 2.1
D
g
i=1
yi(g(q−c))=˛pa1pb2=paph2, if c ¥H
pb1p
a
2=p
aph1, if c ¥ −H
(2)
as ideals in Q(`−k ). Let
D
g
i=1
yi(g(qc))=D
g
i=1
yi(g(q))=pa 1a+b`−k
2
2 (c ¥H) (3)
for some integers a and b such that 4ph=a2+kb2. Since q(−1)=1,
<gi=1 yi(g(q−1))=pa((a−b`−k)/2).
Because Z/kZ=H 2 −H 2 {0} and < yi(g(qm))=< yi(g(q)) for
m ¥H,
C
k−1
m=0
D yi(g(qm))=
k−1
2
1 D yi(g(q))+D yi(g(q−1))2+D yi(g(q0)).
By Lemma 2.2 and Eq. (3),
k−1
2
(paa)+1 — 0 (mod k),
hence a — 2pb (mod k).
Stickelberger’s Theorem(Theorem 15.4.5 of [8]) can be written as
p−s(a)g(w−a) — 1/c(a) (modP) in Cp ,
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where p is (p−1)st root of −p in Cp, s(a)=; ai and c(a)=< (ai!) for
a=; ai p i, and P is the prime ideal in the algebraic closure Cp of Qp. If
P˜11 is the prime ideal inQ(zq−1, zp) lying aboveP11 such thatP 5Q(zp, zq−1)
=P˜11, then P11=P˜
(p−1)
11 .
Let d −i=(q−1) li/t=;f−1j=0 d −i, jp j. Then< yi(g(q−1))=< g(w−diŒ). Since
d −i, j+di, j=p−1, 1/(d
−
i, j)! — (−1)di, j −1 (di, j)! (mod p), we get
D
g
i=1
p−s(diŒ)yi(g(q−1)) — D
g
i=1
(−1) s(di)−f c(di) (modP) in Cp. (4)
We know s(a)=vP˜11 g(w
−a) (p. 96 of [10]), hence we get ; s(d −i)=
(p−1) a and ; s(di)=(p−1) b from Eq. (2). From Eq. (3) and Eq. (4),
1a−b`−t
2
2 — (−1)a−fgD
i, j
(di.j)! (modP).
Because (a+b`−t )/2 ¥ p1 and fg=a+b, we get a — (−1)b< i, j(di, j)!
(mod p). L
4. T=4K FOR A PRIME K — 1 (mod 4)
Lemma 4.1. (1) H is cyclic with a generator x — 3 (mod 4).
(2) a ¥H. 2k−a ¥H, hence 2H=−2H and 4H=−4H.
Proof. (1) Because k — 1 (mod 4) is a prime, Q(`−k ) 5Q(zk)=Q
and Q(`−k ) ·Q(zk)=Q(zt), so
H 4Gal(Q(zt)/Q(`−k )) 4Gal(Q(zk)/Q),
hence H=OxP for some x ¥ (Z/tZ) ×. If x — 1 (mod 4) then sx(i)=i, so
Q(i) …Q(`−k ); this is a contradiction.
(2) Since the discriminant of Q(`−k ) is −t, hence a ¥H.
(−ta )=1. (−1)
(a−1)/2 (ak)=1. Because
(−1)
2k−a−1
2 12k−a
k
2=(−1)k(−1) a+12 1a
k
2=(−1) a−12 1a
k
2 ,
a ¥H. 2k−a ¥H. This implies 2H=−2H and 4H=−4H. L
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Define the Eisenstein sum for a k character on Fq as
E(k) := C
a ¥ Fq
tr(a)=1
k(a).
Lemma 4.2 [2, Theorem 12.4.1.(b)]. Suppose k is a quartic character on
Fpn. If p — 3 (mod 4) and n is even, then
E(k)=(−1)
n(p−3)
8 p
n
2−1.
Lemma 4.3. <gi=1 yi(g(qk))=<gi=1 yi(g(q3k))=p
k−1
2 .
Proof. Denote by q˜ the restriction of q on Fp. If r — 3 (mod 4) then f is
even and pf−1+· · ·+p+1 — 0 (mod 4). Hence ord(q˜k)=4/gcd(4, (pf−1)/
(p−1))=1, and g(qk)=pE(qk) ([2, Theorem 12.1.1]). By Lemma 4.2,
D yi(g(qk))=D yi(pE(qk))=D yi((−1)
f(p−3)
8 p
f
2)=p
k−1
2 .
If r — 1 (mod 4), then by Lemma 4.1 (1) |{li ¥ R | li — 1 (mod 4)}|=
|{li ¥ R | li — 3 (mod 4)}|. Hence g is even and
D yi(g(qk))=g(qk)
g
2 g(q−k)
g
2=qk(−1)
g
2 |g(qk)|g=(−1)
pf−1
4 ·
g
2p
k−1
2 .
Since fg=k−1 — 0 (mod 4), either 4 | g or f is even. For any case
(pf−1)/4 · (g/2) is even. Therefore< yi(g(qk))=p(k−1)/2 for all cases.
On the other hand, since qk(−1)g=1
D
g
i=1
yi(g(q3k))=(qk(−1))g D
g
i=1
yi(g(qk))=p
k−1
2 . L
Theorem 4.1. Suppose p=4kn+r is a prime and splits in Q(`−k ).
Then
D
g
i=1
yi(g(q))=pa(a+b`−k )
for some integers a and b such that ph=a2+kb2 and a satisfies
a — p
h
2 (mod k) and 2a — (−1)a D
1 [ i [ g, 0 [ j < f
(di, j)! (mod p).
Proof. By Lemma 4.1, we can divide Z/tZ into a disjoint union as
Z/tZ=H 2 −H 2 2H 2 4H 2 {0, k, 2k, 3k}.
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By Eq. (1) and Lemma 2.1,
D
g
i=1
yi(g(q−c))=˛pa1pb2=paph2, if c ¥Hpb1pa2=paph1, if c ¥ −H
(p)
k−1
2 , if c ¥ 2H 2 4H 2 {k, 2k, 3k}
as ideals in Q(`−k ). Let
D
g
i=1
yi(g(qc))=D
g
i=1
yi(g(q))=pa(a+b`−k ), (c ¥H) (5)
for some integers a and b such that ph=a2+kb2. Since q(−1)g=1,
<gi=1 yi(g(q−1))=pa(a−b`−k ).
In the similar manner of the proof of Lemma 2.2, ;2k−1j=0
< i yi(g(q2j)) — 0 (mod 2k) since q2 has order 2k. Hence by Lemma 2.2,
C
m ¥H 2 −H 2 {k, 3k}
D
g
i=1
yi(g(qm)) — 0 mod k.
From Eq. (5) and Lemma 4.3,
(k−1)(2paa)+2pk−1 — 0 mod k.
Since k−1=(a+b)/2 and h=b−a, we get a — ph/2 mod k.
As in the proof of Theorem 3.1, by Stickelberger’s Theorem [8]
2a — (−1)aD
i, j
(di, j)! (mod p)
since fg=(k−1) is even and ; s(di) is a multiple of p−1. L
5. T=8K FOR AN ODD PRIME K
Lemma 5.1. (1) 2H=−2H, 4H=−4H, and 8H=−8H.
(2) |H|=|2H|=2(k−1) and |4H|=|8H|=k−1.
(3) Z/8kZ=H 2 −H 2 2H 2 4H 2 8H 2 {0, k, 2k, 3k, 4k, 5k, 6k, 7k}.
(4) Let Hi={h ¥H | h — i (mod 8)} where i=1, 3, 5, 7. Then
|Hi |=
k−1
2
for i=1, 3, 5, 7.
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Proof. (1) Since the discriminant of Q(`−2k ) is −t, a ¥H
. (−ta )=1. (−1)
(a2−1)/8 (−1) ((a−1)(k+1))/4 (ak)=1. This implies a ¥H.
4k−a ¥H and (1).
(2) If 2h1 — 2h2 (mod 8k) for h1, h2 ¥H then h1 — h2 (mod 4k), hence
h2=4k+h1. By (1), 4k−h2=−h1 ¥H, hence −1 ¥ h. This is a contradic-
tion. So |2H|=|H|=f(8k)2 =2(k−1).
If 4h1 — 4h2 (mod 8k) for h1, h2 ¥H then h1 — h2 (mod 2k), hence h2=
h1±2k. By (1) if h1 — 1, 5 (mod 8) then h2=h1+2k and if h1 —
3, 7 (mod 8) then h2=h1−2k. Therefore
4h} ˛h, h+2k if h — 1, 5 (mod 8)
h, h−2k if h — 3, 7 (mod 8)
and |4H|=12 |H|=k−1. Similarly
8h} ˛h, h+2k if h — 1, 5 (mod 8)
h, h−2k if h — 3, 7 (mod 8)
so |8H|=12 |H|=k−1.
(3) It follows from (2) because H, −H, 2H, 4H, 8H, {0, k, ..., 7k}
are pairwise disjoint.
(4) By (1), a ¥H1 . (ak)=1 and a — 1 (mod 8). Hence |H1 |=
k−1
2 by
Chinese Remainder Theorem. Similarly
|Hi |=
k−1
2
for i=1, 3, 5, 7. L
Lemma 5.2 [2, Theorem 12.7.1 (d)]. Suppose k is an octic character on
Fpn. If p — 7 (mod 8) and n — 0 (mod 2) then
E(k)=(−1)
n(p−7)
16 p
n
2−1.
Lemma 5.3. For a=1, 3, 5, 7,
D
g
i=1
yi(g(qak))=˛pk−1 12p2 , if k — 3 (mod 4)
pk− 1, if k — 1 (mod 4).
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Proof. If r — 7 (mod 8) then q˜k is trivial, hence g(qak)=pE(qak). Since
qak is an octic character, by Lemma 5.2, we get<yi(g(qak))=pk−1.
If r – 7 (mod 8) then we can choose R such that li+lg+1−i — 0 (mod 8)
by Lemma 5.1 (4). Then
D
g
i=1
yi(g(qak))=D
g/2
i=1
g(qliak) g(q−liak)=D
g/2
i=1
qliak(−1) |g(qliak)|2
=p
fg
2 D
g/2
i=1
(qliak(−1))=pk−1(qk(−1))
g
2
=pk−1(w
pf−1
8 (−1))
g
2=pk−1(−1)
pf−1
8 ·
g
2.
At first, assume that k — 1 (mod 4). Then fg=2(k−1) — 0 (mod 8), hence
either 4 | g or 4 | f. If 4 | g then g/2 is even, and if 4 | f then (pf−1)/8 is
even since pf−1 — 1 (mod 16). Therefore if k — 1 (mod 4) then
D
g
i=1
yi(g(qak))=pk−1.
Assume that k — 3 (mod 4). Then fg — 4 (mod 8). Since g is even, only
one of 4 | g and f — 2 (mod 4) holds. For any case, if r — 1 (mod 8) then
(pf−1)/8 · (g/2) is even. If r — ±3 (mod 8) then f must be even and 4 h g,
so that (pf−1)/8) · (g/2) is odd. Therefore if k — 3 (mod 4) then
D
g
i=1
yi(g(qak))=˛pk−1, if r — ±1 (mod 8),
−pk−1, if r — ±3 (mod 8). L
Theorem 5.1. Suppose p=8kn+r is a prime and splits in Q(`−2k ).
Then
D
g
i=1
yi(g(q))=pa(a+b`−2k )
for some integers a and b such that ph=a2+2kb2 and a satisfies
a — ˛12p2 p h2 (mod k), if k — 3 (mod 4),
p
h
2 (mod k), if k — 1 (mod 4),
and
2a — (−1)a D
1 [ i [ g, 0 [ j < f
(di, j)! (mod p).
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Proof. By Eq. (1) and Lemma 2.1
D
g
i=1
yi(g(q−c))=˛pa1pb2=paph2, if c ¥Hpb1pa2=paph1, if c ¥ −H
(p)k−1, if c ¥ 2H 2 4H 2 8H
as ideals in Q(`−2k ). Let
D
g
i=1
yi(g(qc))=D
g
i=1
yi(g(q))=pa(a+b`−2k ), (c ¥H) (6)
for some integers a and b such that ph=a2+2kb2. Since g is even, q(−1)g
=1 and<gi=1 yi(g(q−1))=pa(a−b`−2k ).
In the similar manner of the proof of Lemma 2.2, ;4k−1j=0 < i yi(g(q2j)) —
0 (mod 4k) since q2 has order 4k. Hence by Lemma 2.2,
C
m ¥H 2 −H 2 {k, 3k, 5k, 7k}
D
g
i=1
yi(g(qm)) — 0 mod k.
From Eq. (6) and Lemma 5.3,
a — ˛12p 2 p h2 (mod k), if k — 3 (mod 4),
p
h
2 (mod k), if k — 1 (mod 4),
because p−a=ph/2 mod k.
As in the previous proofs, by Stickelberger Theorem [8]
2a — (−1)aD
i, j
(di, j)! (mod p). L
6. EXAMPLES
In this section, we explain how to obtain Table I by applying Theorem
3.1. Since k=7, a=1 and b=2. Hence h(Q(`−7 ))=1. Let p=7n+r
be a prime for r=2, 4. Then f=3, g=1, and R={1}, so that d1=
(pf−1) 6/7 such that
d1=C
f−1
j=0
d1, j p j=˛3n+(5n+1) p+(6n+1) p2, if p=7n+2,
(5n+2)+(3n+1) p+(6n+3) p2, if p=7n+4.
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TABLE IV
p=11n+r and 4p=a2+11b2
r a (mod 11) a (mod p)
1 2 13n
n
2 16n
3n
2 14n
2n
2−1
3 10 −13n+1
n
2 16n+1
3n
2 14n+1
2n
2−1
4 7 13n+1
n
2 16n+2
3n+1
2 14n+1
2n
2−1
5 8 13n+1
n
2 16n+2
3n+1
2 14n+1
2n
2−1
9 6 −13n+2
n
2 16n+4
3n+2
2 14n+3
2n+1
2−1
TABLE V
p=19n+r and 4p=a2+19b2
r a (mod 19) a (mod p)
1 2 18n
n
2 110n
4n
2 15n
2n
2−1
4 15 16n+1
n
2 110n+1
4n
2110n+2
3n+1
2 16n+1
3n
2−1 110n+1
2n
2−1
5 18 16n+1
n
2 110n+2
4n+1
2110n+2
3n+1
2 16n+1
3n
2−1 110n+2
2n
2−1
6 10 16n+1
n
2 110n+2
4n+1
2110n+3
3n+1
2 16n+1
3n
2−1 110n+2
2n
2−1
7 3 18n+2
n
2 110n+3
4n+1
215n+1
2n
2−1
9 13 13n+1
n
2 110n+4
5n+2
2113n+5
6n+2
2 14n+1
2n
2−1 113n+5
5n+2
2−1
11 14 −18n+4
n
2 110n+5
4n+2
215n+2
2n+1
2−1
16 8 13n+2
n
2 110n+8
5n+4
2113n+10
6n+5
2 14n+3
2n+1
2−1 113n+10
5n+4
2−1
17 12 13n+2
n
2 110n+8
5n+4
2113n+11
6n+5
2 14n+3
2n+1
2−1 113n+11
5n+4
2−1
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TABLE VI
p=40n+r and p2=a2+10b2
r a (mod 5) 2a (mod p)
1 1 (−1)
n 13n
n
2 120n
9n
2127n
7n
2 119n
2n
2−1
7 2 (−1)
n 13n
n
2 19n+2
2n+1
2120n+2
9n+1
2129n+4
9n+2
2 119n+3
2n+1
2−1 129n+4
2n
2−1
9 4 (−1)
n+1 13n
n
2 19n+2
2n+1
2120n+4
9n+2
2129n+6
9n+2
2 119n+4
2n+1
2−1 129n+6
2n
2−1
11 1 (−1)
n+1 13n
n
2 19n+2
2n+1
2120n+5
9n+2
2129n+7
9n+2
2 119n+5
2n+1
2−1 129n+7
2n
2−1
13 3 (−1)
n+1 13n
n
2 19n+3
2n+1
2120n+5
9n+2
2129n+8
9n+3
2 119n+6
2n+1
2−1 129n+8
2n
2−1
19 4 (−1)
n+1 13n+1
n
2 120n+9
9n+4
2127n+12
7n+3
2 119n+9
2n+1
2−1
23 3 (−1)
n+1 13n+1
n
2 120n+11
9n+5
2127n+15
7n+4
2 119n+10
2n+1
2−1
37 2 (−1)
n+1 13n+2
n
2 120n+18
9n+8
2127n+24
7n+6
2 119n+17
2n+2
2−1
By Theorem 3.1 we can represent 4p=a2+7b2 where a — 2p2 (mod 7)
and
a — (−1)2 D
f−1
j=0
(d1, j)! (mod p)
— ˛ (3n)! (5n+1)! (6n+1)! (mod p) if p=7n+2,
(5n+2)! (3n+1)! (6n+3)! (mod p) if p=7n+4,
— ˛ (3n)! (−1)2n+1(2n)! (−1)6n+2(n)! (mod p) if p=7n+2,
(−1)2n+2
(2n+1)!
(3n+1)!
(−1)6n+4
n!
(mod p) if p=7n+4,
— ˛ −13nn 2 (mod p) if p=7n+2,13n+1
n
2 (mod p) if p=7n+4.
This is the same result as Adler [1] and Eisenstein [4].
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If p=7n+1 then f=1, g=3 and R={1, 2, 4} so that d1=6n,
d2=5n, d3=3n. By Theorem 1, 4p=a2+7b2 where a — 2 (mod 7) and
a — (6n)! (5n)! (3n)! —
(−1)6n−1
n!
(−1)2n−1
(2n)!
(3n)! — 13n
n
2 (mod p).
This is the same result as Jacobi [7].
Because ; di, j is generally a multiple of (p−1) (see the proof of
Theorem 3.1), one can easily show that < di, j! can be represented as a
product of binomial coefficients modulo p using induction for other cases.
We give more examples in Table IV–VI for each case. In particular the
case of p=11n+1 in Table IV is the same result as Hudson and Williams
and Jacobi [6, 7].
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